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In this study, strain gradient theory is used to show the small scale effects on bending,
vibration and stability of microscaled functionally graded (FG) beams. For this purpose,
Euler–Bernoulli beam model is used and the numerical results are given for different
boundary conditions. Analytical solutions are given for static deﬂection and buckling loads
of the microbeams while generalized differential quadrature (GDQ) method is used to cal-
culate their natural frequencies. The results are compared with classical elasticity ones to
show the signiﬁcance of the material length scale parameter (MLSP) effects and the general
trend of the scale dependencies. In addition, it is shown the effect of surface energies relat-
ing to the strain gradient elasticity is negligible and can be ignored in vibration and buck-
ling analyses. Combination of the well-known experimental setups with the results given
in this paper can be used to ﬁnd the effective MLSP for metal-ceramic FG microbeams. This
helps to predict their accurate scale dependent mechanical behaviors by the introduced
theoretical framework.
 2012 Elsevier Inc. All rights reserved.1. Introduction
Functionally graded materials (FGM) as mixtures of at least twomaterials are always categorized as inhomogeneous com-
posites. FG specimens have special advantages due to their constituent properties and have wide applications in biomedi-
cine, optics, electronics etc. This is while their material properties can desirably vary through their dimensions for design
purposes. Recently, many researchers have studied the mechanical behavior of FG beams via different analytical models.
Aydogdu and Taskin [1] studied the free vibration of simply supported FG beams based on Euler–Bernoulli, parabolic and
exponential shear deformable beam models with the modulus of elasticity varying by a power-law material distribution
function through the thickness of the beams. Simsek and Kocatürk [2] studied the wave propagation in Euler–Bernoulli
simply supported FG beams under moving point loads. They found the effects of material properties distribution, excitation
frequencies, and velocity of the moving harmonic loads on dynamic response of the FG beams. In another work by Simsek
[3], the natural frequencies of FG beams are calculated by different higher order beam theories. The investigations in this
study are conducted to the effects of the slenderness ratio of beams, variation of material properties together with the
applied beam theories. It is shown that the results predicted by different higher order beam theories are approximately
the same without signiﬁcant differences. Matbuly et al. [4] studied the free vibration of cracked FG beams embedded in
two-parameter elastic foundation and used differential quadrature method to solve the governing equations for different. All rights reserved.
x: +98 2177240488.
. Salamat-talab), F_shahabi@mecheng.iust.ac.ir (F. Shahabi), Assadimech@gmail.com (A. Assadi).
Nomenclature
Latin and Greek symbols
Vm metal volume fractions
Vc ceramic volume fractions
g material length scale parameter
h thickness of Microbeams
n the power index FG distribution functioneZ direction along the thickness of microbeams
Pð~zÞ speciﬁed set of material properties
U strain energy density
eij classical strain components
kð~zÞ;lð~zÞ Lame constants
ui displacement ﬁeld components
U strain energy
X occupied region
sij the Cauchy stress components
sijk double stress components
eijk the nonclassical strain
~zc the distance of neutral axis from the bottom surface
q the transverse distributed load
V the boundary shear force
M moment
Mh double moment
qð~zÞ density distribution function of FGMs
meq the equivalent mass
wh homogeneous solution
wP particular solution
lj(x) the Lagrange interpolation polynomial
CðnÞij ðxÞ the weighting coefﬁcients
N the axial applied load
Abbreviations
FGM functionally graded materials
MLSP material length scale parameter
GDQ generalized differential quadrature
NNF the normalized natural frequency
508 M. Salamat-talab et al. / Applied Mathematical Modelling 37 (2013) 507–526initial and boundary conditions. Li [5] studied the static and dynamic behavior of FG beams with consideration of the shear
deformation and rotary inertia effects. The former case is studied for cantilevered beams while the latter one is solved for
simply supported ones.
In the above references, the classical continuum elasticity is used that provided reliable results for macroscaled beams.
Experimental investigations showed that micro/nanostructures reveal considerable size dependent mechanical behaviors
[6–8]. Fleck et al. [9] showed that the torsional hardening of copper microwires increases three times as the wire diameter
decreases from 170 to 120 l. On the other hand, the well-known classical theories for structural analysis are not able to pre-
dict this concept and therefore must be appropriately modiﬁed and generalized. In this manner, higher order continuum the-
ories such as couple stress theory and strain gradient theory are developed in order to describe such size dependent
behaviors. Toupin [10], Mindlin and Tiersten [11] and Koiter [12] are the earlier researchers that introduced the couple stress
theory including two non-classical length scale parameters in addition to the well-known Lame’ constants. As a basic work,
Yang et al. [13] introduced a modiﬁed couple stress theory that was able to explore the size effects by one MLSP and helped
to simplify the complicated relations of couple stress theory. They implemented this theory on torsion of thin cylinders and
pure bending of plate strips to magnify the effect of MLSP on their torsional and bending rigidities respectively. Park and Gao
[14] studied the bending of Euler–Bernoulli microbeams based on the modiﬁed couple stress theory. They showed that the
effective bending rigidity of a cantilever microbeam increases in the framework of modiﬁed couple stress theory compared
to classical models while this can be ignored in thicker microbeams. Ma et al. [15,16] studied the size dependent bending and
free vibration of the microscaled Timoshenko and Reddy–Levinson beams. They obtained lower static deﬂection and conse-
quently higher natural frequencies for microscaled beams compared to the results of classical beam theories. Within the
M. Salamat-talab et al. / Applied Mathematical Modelling 37 (2013) 507–526 509framework of this theory, several researches have studied the inﬂuences of loading conditions for speciﬁc applications of
microbeams in devices such as atomic force microscope (AFM). Simsek [17] proposed an analytical and numerical solution
for free vibration of embedded Euler–Bernoulli microbeams under the action of a moving microparticle using couple stress
theory. In continue, ﬁnite Fourier transform is used to obtain a close form solution for bending of microbeams. Moreover, the
Lagrange’s equations accompanied by direct integration method of Newmark is employed to compute the relating vibration
characteristics. The parametric analysis is carried out to measure the effects of several variables including MLSP, Poisson’s
ratio, velocity of the microparticle and elastic constants. Kahrobaiyan et al. [18] studied the size dependent resonance fre-
quencies and sensitivity of the vibration modes of an AFM probe using the above introduced couple stress theory. The
numerical results indicated that for ratios of thickness to MLSP below 10, the size dependency affects the total mechanical
behavior signiﬁcantly, Thus, they maintained that for thicknesses in order of MLSP the classical based theories do not provide
accurate predictions. The essence of acquiring more precise and general solution to predict the mechanical behavior of
microbeams considering the geometric nonlinearity is also an appealing topic in this area. Asghari et al. [19] studied the
non-linear size dependent analysis within the framework of Timoshenko microbeams based on the couple stress theory.
The geometric nonlinearity is involved through the Von-Karman assumptions. Meanwhile, the problem is solved for static
bending and free vibration of simply supported microbeams to highlight the importance of nonlinearities. Xia et al. [20]
developed a theoretical model for analysis of mechanical response in the non-linear microbeams based on the couple stress
theory. They handled the obtained nonlinear differential equation with their associated boundary conditions for speciﬁc
cases including nonlinear static bending, post-buckling and nonlinear free vibration analysis. The numerical results revealed
that for the range of MLSP in order of thickness the nonlinearity affect the static and dynamic behavior of the microbeams
considerably.
Beside the couple stress theory, the strain gradient elasticity as another higher order continuum model has been intro-
duced by Mindlin [21,22] while providing broad and complicated outlook toward the deﬁnition of size dependency within
the framework several MLSPs. The ﬁrst strain gradient theory is introduced by Mindlin and Eshel [23] that has ﬁve additional
parameters beside the classical Lame constants. Lam et al. [24] reduced these parameters to three independent MLSP with
some modiﬁcations into the Mindlin’s theory. They showed that the strain gradient theory predicts stiffer microscaled struc-
tures and veriﬁed this concept with the experimental results for microscaled epoxy beams. Using this theoryWang et al. [25]
studied the bending and free vibration of microscaled Timoshenko beams and showed that the effect of MLSP on deﬂection
and natural frequencies vanishes gradually in thicker microbeams. Yin et al. [26] analyzed the vibration and stability of the
microscaled pipe conveying ﬂuid based on the Euler–Bernoulli model. They demonstrated that the size dependencies become
signiﬁcant when the outer diameter is comparable to MLSP. Applications of strain gradient theories with more independent
parameters require to cope with more difﬁcult mathematical problems. On the other hand, deﬁnition of these parameters as
mechanical or material constants requires appropriate interpretations and experimental setups. Recently, the simple linear
strain gradient theory is highly interested by researchers due to its simplicity in capturing the size effect by only one MLSP.
Papargyri-Beskou et al. [27] offered exact solutions for bending and stability of microscaled Euler–Bernoulli beams using the
simple linear strain gradient theory with consideration of surface energy terms for homogenous materials. They showed that
the gradient coefﬁcient decreases the deﬂection and increases in the buckling loads of microbeams while the effect of surface
energy can be neglected in the analysis. Lazopoulos and Lazopoulos [28] studied the same problem considering the second
term of double stress in the analysis. They showed that consideration of this term enters the cross sectional area in the bend-
ing moment relations and predicts stiffer ﬂexural rigidities. Moreover, the researchers have considered the geometric nonlin-
earity in strain gradient elasticity for mechanics of microbeams. Zhao et al. [29] derived the nonlinear governing equation of
microbeam based upon strain gradient theory by exploiting Hamilton’s principle. Meanwhile, nonlinear static bending, Post-
buckling problem, and nonlinear free vibration are considered. The numerical results corroborate the fact that the involved
nonlinearity has considerable effect on static and dynamic behavior of microbeam. Rajabi and Ramezani [30] performed a
vibration analysis ofmicrobeams using the von Karman strain tensor to take the geometrical nonlinearities into account. Their
main contributions related to strain gradient elasticity incorporated with surface energy while capturing the nonlinearities
within the employed Euler–Bernouli microbeams. Afterwards, they maintained that for thin microbeams strain gradient
effect is dominated the natural frequencies in contrast with the involved nonlinearities. Recently several researches regarding
the application of higher order continuum theories on the functionally graded materials have become fascinating. Paulino
et al. [31] and Chan et al. [32] used strain gradient elasticity for mode III cracks in FGMs. They considered twoMLSPs to show
the size effects on stress concentrations around the tips of microscaled cracks representing the volumetric and surface strain
energy terms. They assumed different shear modulus distributions through the crack length direction and its perpendicular
axis.
Asghari et al. [33,34] studied the bending and free vibration of functionally graded Euler–Bernoulli and Timoshenko
microbeams by modiﬁed couple stress theory. Similarly, Ke and Wang [35] investigated the dynamic stability of microscaled
FG Timoshenko beams by modiﬁed couple stress theory. Nateghi et al. [36] studied the size dependent buckling of function-
ally graded microbeams using modiﬁed couple stress theory. The possible effect of shear deformation on the buckling is con-
sidered by taking the advantage of ﬁrst and third order shear deformation beam theories. The numerical results indicate that
the size dependency of FG microbeams is thoroughly dependent to the power index of FG material distribution.
Considering the above discussions, here the strain gradient elasticity with surface energies is used for bending, buckling
and vibration of functionally graded Euler–Bernoulli microbeams. Beside the given numerical results, it is intended to have a
framework with one additional parameter that helps the researchers to calculate the effective material length scale
510 M. Salamat-talab et al. / Applied Mathematical Modelling 37 (2013) 507–526parameter from experimental investigations. In addition, the results are specially given for metal–ceramic materials to show
the general trend of scale effects on static deﬂection, buckling loads and natural frequencies of microscaled FG beams.
2. Problem statement
The schematic conﬁguration of a microscaled FG beam made of metal and ceramic materials constituents is shown in
Fig. 1.
As depicted in this ﬁgure L, h and b are represented for length, thickness and width of the microbeams respectively. The
most well known relation for material properties distribution in FGMs, the relations which are assumed to ensure the con-
tinuous variations through their thickness refers to power law distribution function. This relation manipulates the FG prop-
erties as a function of power index n, the facts for which the FG properties are considered to vary in the thickness direction.
With regard to the deﬁnition of FG material distribution functions, the volume fractions of the FG constituents are as-
sumed to be function of thickness with the power index of n. Thus, for the applied FGM, Vm and Vc represent the metal
and ceramic volume fractions respectively which are deﬁned as:Vc ¼
~z
h
 n
; Vs ¼ 1 Vc ð1Þin which ~z represents the direction along the thickness of microbeams while n is the power index. Following from the pre-
ceding relation, the general formulation for the FG material properties distribution, which is known as power law function, is
given as:Pð~zÞ ¼ Pc þ Pcm
~z
h
 n
: ð2ÞIn this equation Pð~zÞ refers to a speciﬁed set of material properties, the term Pcm is deﬁned by Pcm ¼ Pm  Pc in which sub-
scripts c andm represent the ceramic and metal respectively. It is obvious from Eq. (2) that the material properties are varied
from purely metal in the upper surface ð~z ¼ hÞ to purely ceramic at ð~z ¼ 0Þ. Accordingly, the Young’s modulus and density of
the FG beams can be given by the following relations:Eð~zÞ ¼ Ec þ Ecm
~z
h
 n
;
qð~zÞ ¼ qc þ qcm
~z
h
 n
:
ð3ÞIt is to be noted that, the Poisson’s ratio is assumed to be constant through thickness of the microbeams. The three dimen-
sional strain energy density for a linear isotropic elastic solid including the surface energy is given as follows [37]:U ¼ 1
2
keiiejj þ leijeji þ 12 kg
2@keii@kejj þ lg2@keij@keji þ 12 k‘k@kðeiiejjÞ þ l‘k@kðeijejiÞ i; j; k ¼ 1;2;3 ð4Þin which g and ‘k are the strain gradient coefﬁcients for volumetric and surface elastic strain energy portions. Moreover, it is
worth noting that these gradient coefﬁcients have the length dimension. Additionally in Eq. (4) the partial derivative @=@xk is
denoted by means of @k symbol. To assign strain energy density relation for FG materials, the corresponding Lame constants
for FGMs can be used in the following forms:lð~zÞ ¼ Eð~zÞ
2ð1þ tÞ ; kð~zÞ ¼
Eð~zÞt
ð1þ tÞð1 2tÞ : ð5ÞTo clarify the strain through the deformable media, the classical strain components eij induced in the body are given as:Fig. 1. Schematic conﬁguration of a FGM beam and related geometric and material parameters.
M. Salamat-talab et al. / Applied Mathematical Modelling 37 (2013) 507–526 511eij ¼ 12 ð@jui þ @iujÞ ¼ eji: ð6ÞIn Eq. (6) the displacement ﬁeld components are depicted by ui. Finally, the strain energy U for a linear isotropic elastic
solid that occupies the region X can be expressed in terms of the Cauchy stress sij and double stress sijk components as:U ¼ 1
2
Z
X
ðsijeij þ sijkeijkÞdv; ð7Þwhere sij and sijk can be obtained fromsij ¼ @U
@eij
¼ kekkdij þ 2leij þ ‘kðkeknndij þ 2lekijÞ ¼ sji; ð8Þ
sijk ¼ @U
@eijk
¼ g2ðkeinndjk þ 2leijkÞ þ ‘iðkenndjk þ 2lejkÞ ¼ sikj: ð9ÞThe strain gradient components eijk as the gradient of strain components are deﬁned byeijk ¼ @iejk ¼ @iekj ¼ eikj: ð10Þ
Based upon the Euler–Bernoulli beam theory, the displacement ﬁelds are assumed as:u1 ¼ z @wðx;tÞ@x ;
u2 ¼ 0;
u3 ¼ wðx; tÞ:
8><>: ð11Þ
in which u1, u2, and u3 are the displacement components in x, y, and z directions respectively and w is the deﬂection of the
beam in z direction. It is to be noted that in Eq. (11) the origin of the z is located at the neutral axis of the FGM beams (not
midplane). Therefore, it is obvious that the midplane itself will have displacement in x direction equal to ð~zc  h=2Þ@w=@x
[33].
To derive the strain and strain gradient components, it necessitates the substitution of Eq. (11) into Eq. (6) and Eq. (10) in
which it results in to the following relations for them.e11 ¼ z @
2wðx; tÞ
@x2
; ð12Þ
e111 ¼ z @
3wðx; tÞ
@x3
; e311 ¼  @
2wðx; tÞ
@x2
: ð13ÞNext, inserting Eqs. (12) and (13) into Eqs. (8) and (9) and then simplifying the obtained relations yields the non-zero
Cauchy stress and double stress components as:s11 ¼ ðkð~zÞ þ 2lð~zÞÞz @
2wðx; tÞ
@x2
þ ‘1 @
3wðx; tÞ
@x3
" #
; ð14Þ
s111 ¼ ðkð~zÞ þ 2lð~zÞÞz g2 @
3wðx; tÞ
@x3
þ ‘1 @
2wðx; tÞ
@x2
" #
; ð15-1Þ
s311 ¼ ðkð~zÞ þ 2lð~zÞÞg2 @
2wðx; tÞ
@x2
: ð15-2ÞThe neutral axis for functionally graded beams is always obtained by satisfaction of the equilibrium equation along the
longitudinal axis x as follows:Z
A
s11dA ¼ 
Z
A
ðkð~zÞ þ 2lð~zÞÞz @
2wðx; tÞ
@x2
þ ‘1 @
3wðx; tÞ
@x3
" #
dA
¼ 
Z
A
ð1 mÞ
ð1þ mÞð1 2mÞ Eð~zÞz
@2wðx; tÞ
@x2
þ ‘1 @
3wðx; tÞ
@x3
" #
dA ¼ 0: ð16ÞWith regard to Eq. (16), terms independent of ~z will come out of integral and with further simpliﬁcations yields:Z
A
Eð~zÞzdA ¼
Z
A
Eð~zÞð~z ~zcÞdA ¼ 0: ð17Þin which the distance of neutral axis from the bottom surface of the beam (~zc) can be derived as.
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R
A Eð~zÞzdAR
A Eð~zÞdA
¼ h
Ec
2  EcEmnþ2
Ec  EcEmnþ1
: ð18ÞThe next step proceeds with substitution of Eqs. (12-15) into Eq. (7). Afterwards, by taking the ﬁrst variation of the total
strain energy on time interval (t1, t2) leads to the following integral equation:d
Z t2
t1
Udt ¼
Z t2
t1
Z
X
sijdeij þ sijkdeijkdv dt
¼
Z t2
t1
Z L
0
S
@4w
@x4
 K @
6w
@x6
 !
dwdxdt þ
Z t2
t1
K
@5w
@x5
 S @
3w
@x3
 !
dwjL0dt þ
Z t2
t1
K @
4w
@x4
þ S @
2w
@x2
 !
d
@w
@x
L
0
dt
þ
Z t2
t1
K
@3w
@x3
þ R @
2w
@x2
 !
d
@2w
@x2

L
0
dt ð19Þin which S, K, and R are the equivalent constant parameters that are given as:S ¼ ½ðkþ 2lÞIeq þ g2½ðkþ 2lÞAeq;
K ¼ g2½ðkþ 2lÞIeq; R ¼ ‘½ðkþ 2lÞIeq:
ð20ÞIn order to derive these parameters, the equivalent ﬂexural rigidity of FG beam is deﬁned as follows:½ðkþ 2lÞIeq ¼ b
Z h
0
ðkð~zÞ þ 2lð~zÞÞð~z ~zcÞ2d~z ¼ 112 bh
3 ð1 mÞ
ð1þ mÞð1 2mÞ
 
EðnÞ; ð21Þ
½ðkþ 2lÞAeq ¼ b
Z h
0
ðkð~zÞ þ 2lð~zÞÞd~z ¼ bh ð1 mÞð1þ mÞð1 2mÞ
 
~EðnÞ:In preceding relation, the introduced EðnÞ and ~EðnÞ variables are employed for the sake of more simple form for Eq. (21) in
which they are formulated as follows.EðnÞ ¼
n4E2c þ 4n3E2c þ 7n2E2c þ 4n3EcEm þ 16n2EcEm þ 28nEcEm þ 12E2m
 
ðnþ 3Þðnþ 2Þ2ðnEc þ EmÞ
; ð22Þ
~EðnÞ ¼ Ec  Ec  Em1þ n :The ﬁrst variation of the work done by the external loads applied on the microbeams during the introduced time interval
(t1, t2) can be generally derived as below:d
Z t2
t1
Wextdt ¼ 
Z t2
t1
Z L
0
qdwdxdt þ
Z t2
t1
VdwjL0dt þ
Z t2
t1
Md
@w
@x
L
0
dt þ
Z t2
t1
Mhd
@2w
@x2

L
0
dt: ð23ÞIn Eq. (23) q and V are the transverse distributed load and the boundary shear force respectively. Furthermore, M and Mh
denote the moment and double moment parts applied on the beam ends. On the other hand, ﬁrst variation of kinetic energy
on the time interval (t1, t2) can be written as:d
Z t2
t1
Tdt ¼ d 1
2
Z t2
t1
Z L
0
qð~zÞ @w
@t
 2
dAdxdt
" #
¼ 
Z t2
t1
Z L
0
meq
@2w
@t2
dwdxdt; ð24Þwhere meq is the equivalent mass of the beam obtained from the following relation:meq ¼ b
Z h
0
qð~zÞd~z ¼ bh qc 
qc  qm
nþ 1
 
: ð25ÞReferring to Eq. (24), the initial and ﬁnal displacements at t1 and t2 are prescribed; the fact which it makes the variations
of displacement components to vanish. Using Hamilton’s principle the governing differential equations, initial and boundary
conditions of the considered problem can be derived.d
Z t2
t1
ðT  ðU WÞÞdt ¼ 0: ð26ÞSubstituting Eqs. (19), (23), and (24) into Eq. (26) and using the fundamental lemma of calculus the resulting differential
equation is obtained as follows:S
@4w
@x4
 K @
6w
@x6
þ qþm @
2w
@t2
¼ 0; ð27Þ
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5w
dx5
þ S d
3w
dx3
 !
¼ 0 or w ¼ 0 at x ¼ 0 & L; ð28-1Þ
M þ K d
4w
dx4
 S d
2w
dx2
 !
¼ 0 or dw
dx
¼ 0 at x ¼ 0 & L; ð28-2Þ
Mh  K d
3w
dx3
 Rd
2w
dx2
 !
¼ 0 or d
2w
dx2
¼ 0 at x ¼ 0 & L: ð28-3ÞThe proceeding sections are given to present the solution for obtained differential equation in speciﬁc cases including
bending, buckling and vibration of FG microbeams with detail calculations.
3. Bending analysis
This section deals with applications of the strain gradient theory on capturing bending behavior of Euler–Bernoulli FG
microbeams. It is to be noted that the analytical solution can be presented for any combination of boundary conditions.
Meanwhile, in the present study two cases including simply supported beam under distributed load and cantilevered beam
under concentrated load are considered.
3.1. Solution for simply supported microbeams
For bending analysis of the simply supported beam, we set time derivative in Eq. (27) equal to zero and consequently the
governing equation will be reduced as follows:S
@4w
@x4
 K @
6w
@x6
þ q ¼ 0: ð29ÞThe solution of the boundary value problem of Eq. (29) for a constant distributed load q contains homogeneous and par-
ticular parts in which the homogeneous solution is derived as:wh ¼ C1 þ C2xþ C3x2 þ C4x3 þ C5 sinh
ﬃﬃﬃ
S
K
r
x
 !
þ C6 cosh
ﬃﬃﬃ
S
K
r
x
 !
: ð30ÞThe associated particular solution for the governing equation is as follows:wP ¼  124
qx4
S
: ð31ÞThe general solution for the derived differential equation of simply supported microbeams is comprised of the summation
of relations named as homogeneous portion in Eq. (30) and particular one Eq. (31). The constants C1 to C6 can be derived
from appropriate boundary conditions chosen from relations of Eq. (28). The physical or classical boundary conditions that
reﬂect the values of deﬂection and bending moment at the ends of the beam, the familiar ones which are obtained from Eq.
(28-1) and Eq. (28-2) are given as follows:wðxÞjx¼0 ¼ 0; wðxÞjx¼L ¼ 0;
MðxÞjx¼0 ¼ S
d2wð0Þ
dx2
 K d
4wð0Þ
dx4
¼ 0; ð32Þ
MðxÞjx¼L ¼ S
d2wðLÞ
dx2
 K d
4wðLÞ
dx4
¼ 0:In order to have a complete solution for the bending of microbeams with a sixth order differential equation, two addi-
tional nonclassical boundary conditions must be chosen from Eq. (28-3) which are given as follows:d2wðxÞ
dx2

x¼0
¼ 0; d
2wðxÞ
dx2

x¼L
¼ 0: ð33ÞIt is to be noted that although the boundary conditions in Eq. (33) are similar to the physical boundary conditions of a
classical beam, they are here nonclassical boundary conditions since deﬁnition of the bending moment is changed in gradi-
ent elasticity framework. The relations for constants C1 to C6 in Eq. (30) can be obtained by applying the presented set of
boundary conditions in the given general solution as follows:
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2
S2
; C2 ¼  124
qLðSL2  12KÞ
S
; C3 ¼ 12
qK
S
; C4 ¼ 112 qL;
C5 ¼
qK2 1 cosh
ﬃﬃ
S
K
q
L
  
S2 sinh
ﬃﬃ
S
K
q
L
  ; C6 ¼ qK2
S2
:
ð34ÞAs an important point in this study, it must be noted that, when other sets of nonclassical boundary conditions were cho-
sen from Eq. (28-3), it is observed that the numerical results were approximately the same as the results of the above pre-
sented solution. This concept is comprehensively and graphically discussed for cantilever microbeams in Section 3.2 but here
in order to summarize the article is not explicitly presented for simply supported microbeams.
3.2. Solution for cantilevered microbeams
In this section, a cantilevered microbeam that is subjected to the concentrated load P at the tip of the beam is considered.
Following similar approach for the solution presented in Section 3.1, six independent boundary conditions are required to
make the solutions feasible. Accordingly, the set of boundary conditions expressed in Eq. (28) is employed. The classical
or physical boundary conditions from Eqs. (28-1) and (28-2) for a cantilever microbeam can be obtained as follows:wðxÞjx¼0 ¼ 0;
dwðxÞ
dx

x¼0
¼ 0;
P  K d
5wðxÞ
dx5
þ S d
3wðxÞ
dx3
 !
x¼L
¼ 0;
MðLÞ ¼ K d
4wðxÞ
dx4
 S d
2wðxÞ
dx2
 !
x¼L
¼ 0:
ð35ÞFor this problem the constants C1 to C6 corresponding to two alternatives of nonclassical boundary conditions chosen
from Eq. (28-3) are derived. The ﬁrst problem returns to:d2wðxÞ
dx2

x¼0
¼ 0;
MhðLÞ ¼ K d
3wðxÞ
dx3
þ Rd
2wðxÞ
dx2
 !
x¼L
¼ 0:
ð36ÞBy employing the above boundary conditions the constants C1 to C6 are obtained as:C1 ¼  PLK
S2
; C3 ¼ 12
PL
S
; C4 ¼ 16
P
S
; C6 ¼ C1;
C5 ¼ 
PK g2L sinh
ﬃﬃ
S
K
q
L
  ﬃﬃ
S
K
q
þ L‘1 cosh
ﬃﬃ
S
K
q
L
 
þ g2
 
S2 ‘1 sinh
ﬃﬃ
S
K
q
L
 
þ g2 cosh
ﬃﬃ
S
K
q
L
  ﬃﬃ
S
K
q  ; C2 ¼  ﬃﬃﬃSK
r
C5:
ð37ÞOn the other hand, another set of alternative nonclassical boundary conditions is chosen as follows:Mhð0Þ ¼ K d
3wðxÞ
dx3
þ Rd
2wðxÞ
dx2
 !
x¼0
¼ 0;
d2wðxÞ
dx2

x¼L
¼ 0;
ð38ÞThe constants C1–C6 correspond to nonclassical boundary conditions Eq. (38) alongside the classical boundary conditions
of Eq. (35) are obtained as follows:C3 ¼ 12
PL
S
; C4 ¼ 16
P
S
; C1 ¼
PK sinh
ﬃﬃ
S
K
q
L
 
ðg2 þ L‘1Þ
S2 g2 cosh
ﬃﬃ
S
K
q
L
  ﬃﬃ
S
K
q
 ‘1 sinh
ﬃﬃ
S
K
q
L
   ;
C5 ¼
PK cosh
ﬃﬃ
S
K
q
L
 
g2 þ L‘1

 
S2 g2 cosh
ﬃﬃ
S
K
q
L
  ﬃﬃ
S
K
q
 ‘1 sinh
ﬃﬃ
S
K
q
L
   ; C2 ¼  ﬃﬃﬃSK
r
C5; C6 ¼ C1:
ð39Þ
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structures, their corresponding formulation is presented. Although due to the lack of experimental benchmarks, the assess-
ment of which one of the employed boundary conditions provides the most accurate prediction on mechanical behavior is
still unknown. Furthermore, the numerical results for the above two sets of nonclassical boundary conditions are compared
to demonstrate their inﬂuence on mechanical behavior.
4. Buckling analysis
In this section, the analytical solution based upon the strain gradient elasticity theory is presented to predict the buckling
load of microscaled Euler–Bernoulli beams. To evaluate the performance of the employed theory, two boundary conditions
including simply supported and cantilevered ones are considered. For the buckling analysis the governing equation is ex-
pressed as follows which is derived from the general differential equation in Eq. (27).S
d4w
dx4
 K d
6w
dx6
þ N d
2w
dx2
¼ 0: ð40ÞIn which N is the axial load applied on the microbeams. Accordingly, the classical and nonclassical boundary conditions
for simply supported microbeam are presented in Eqs. (32) and (33) respectively. On the other hand, the general solution for
Eq. (40) can be expressed with six constants as follows:w ¼ c1 þ c2xþ c3 sinða1xÞ þ c4 cosða1xÞ þ c5 sinhða2xÞ þ c6 coshða2xÞ: ð41Þ
In this equation the parameters a1 and a2 are equal to:a1 ¼ Sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S2 þ 4KN
p
2K
 !1
2
and a2 ¼ Sþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S2 þ 4KN
p
2K
 !1
2
: ð42ÞThe introduced boundary conditions for simply supported microbeams Eqs. (32) and (33) are implemented in Eq. (41)
which leads to a set of equations in terms of the constants ci; i ¼ 1:::6. The non-trivial eigenvalue solution for the buckling
loads requires zero determinant of the coefﬁcients matrix of unknown parameters ci; i ¼ 1:::6 that ﬁnally yields to the fol-
lowing relation:sinða1LÞ sinhða2LÞ ¼ 0: ð43Þ
Considering Eq. (43) the function sinh(a2L) cannot be equal to zero. Thus, satisfying the relation becomes dependent on
the function sin(a1L), which must be equal to zero. Consequently, the obtained roots of this function give the fundamental
buckling load as follows:Ncr ¼
2KðpL Þ2 þ S
 2
 S2
4K
: ð44ÞFor further exploration in the buckling analysis, the effects of two distinct nonclassical boundary conditions, the ones,
which are accordingly expressed in the bending section Eqs. (36) and (38), are investigated. Meanwhile, the classical bound-
ary conditions for microbeams with cantilever boundary condition are given as follows:wðxÞjx¼0 ¼ 0;
dwðxÞ
dx

x¼0
¼ 0;
N
dwðxÞ
dx
 K d
5wðxÞ
dx5
þ S d
3wðxÞ
dx3
 !
x¼L
¼ 0;
MðLÞ ¼ K d
4wðxÞ
dx4
 S d
2wðxÞ
dx2
 !
x¼L
¼ 0:
ð45ÞAccordingly, the related boundary conditions are employed to capture the characteristic equation of eigenvalue solution.
Afterwards, the relating buckling loads of FG microbeams can be calculated. For sake of simplicity, the complicated and long
term relations are not explicitly given here for the coefﬁcients of Eq. (41) and for their corresponding close form solution of
buckling loads.
4.1. Free vibration analysis with application of GDQ method
This section is concerned with the free vibration analysis of the FG microbeams based on strain gradient theory. The ob-
tained governing equations can be solved numerically for any set of arbitrary boundary conditions via the generalized dif-
ferential quadrature (GDQ) method. Meanwhile, in the present study, similar to the previous sections, the simply support
and cantilever boundary conditions are selected for the size dependent free vibration analysis. The implementation of the
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tained from the Chebyshev–Gauss–Lobatto as follows [38]:xi ¼ L2 1 cos
ði 1Þp
N  1
  
and i ¼ 1:::N: ð46ÞThe discretized form of function w and its nth derivative in GDQ method are always expressed by weighted summation
functions as follows:wðx; tÞ ¼
XN
j¼1
ljðxÞwjðxj; tÞ;
@n
@xn
wðx; tÞ

x¼xi
¼
XN
j¼1
CðnÞij ðxÞwjðxj; tÞ for i ¼ 1:::N;
ð47Þwhere lj(x) is the Lagrange interpolation polynomial and C
ðnÞ
ij ðxÞ are the weighting coefﬁcients relating to n-th derivative of
w(x, t) obtained from the recursive formula given by Shu [38]. In the free vibration analysis, the w(x, t) will be assumed as
wjðxj; tÞ ¼ wjðxjÞeixt . By substituting Eq. (47) into Eq. (27), the discretized governing equation for free vibration of micro-
beams is obtained as:S
XN
j¼1
Cð4Þij wj  K
XN
j¼1
Cð6Þij wj mx2 wj ¼ 0: ð48ÞOn the other hand, the associated discretized boundary conditions for a simply supported microbeam are obtained as
follows:w1 ¼ 0; S
XN
j¼1
Cð2Þ1j wj  K
XN
j¼1
Cð4Þ1j wj ¼ 0;
XN
j¼1
Cð2Þ1j wj ¼ 0 at x ¼ 0;
wN ¼ 0; S
XN
j¼1
Cð2ÞNj wj  K
XN
j¼1
Cð4ÞNj wj ¼ 0;
XN
j¼1
Cð2ÞNj wj ¼ 0 at x ¼ L:
ð49ÞWhile these discretized boundary conditions for a cantilevered microbeam are obtained as follows:w1 ¼ 0;
XN
j¼1
Cð1Þ1j wj ¼ 0 at x ¼ 0
S
XN
j¼1
Cð3ÞNj wj  K
XN
j¼1
Cð5ÞNj wj ¼ 0; S
XN
j¼1
Cð2ÞNj wj  K
XN
j¼1
Cð4ÞNj wj ¼ 0 at x ¼ L:
ð50ÞSimilar to the buckling analysis in previous sections, here two sets of nonclassical boundary conditions are considered for
cantilevered microbeams which are given in the following relations:XN
j¼1
Cð2Þ1j wj ¼ 0 ¼ 0 at x ¼ 0; ð50-1Þ
K
XN
j¼1
Cð3ÞNj wj þ R
XN
j¼1
Cð2ÞNj wj ¼ 0 at x ¼ L; ð50-2ÞandK
XN
j¼1
Cð3Þ1j wj þ R
XN
j¼1
Cð2Þ1j wj ¼ 0 at x ¼ 0; ð51-1Þ
XN
j¼1
Cð2ÞNj wj ¼ 0 ¼ 0 at x ¼ L: ð51-2ÞThe numerical results for these three cases are given in the next sections with comprehensive discussions.
5. Numerical results
This section is devoted to the application of strain gradient elasticity for analysis of FG beams, for further elaboration in
the mechanical behavior of microscaled beams, extensive numerical results for bending, buckling and free vibration are pre-
Table 1
Material properties of the constituents.
Material Properties
Young’s modulus E (Gpa) Density q (kg/m3) Poisson’s ration t
Aluminium [39] 70 2700 0.23
Alumina [39] 380 3800 0.23
Epoxy [24] 1.44 1220 0.38
Fig. 2. Comparison of the normalized deﬂection obtained by classical and strain gradient theories for cantilevered and simply supported FGM beams.
Fig. 3. The effect of nonclassical boundary conditions and surface energy on static deﬂection of FGM microbeams.
M. Salamat-talab et al. / Applied Mathematical Modelling 37 (2013) 507–526 517sented. As mentioned earlier, the presented numerical results for bending and buckling problems are taken from analytical
solutions for both simply supported and cantilevered FG microbeams while GDQ method is used as a numerical method to
solve the free vibration governing equation with associated boundary conditions. Mechanical properties of the chosen metal-
ceramic FG beam’s constituents are given in Table 1. It is worth to notice that there could not be found any experimental data
for the material length scale parameter, g, for FG microbeams and this gradient coefﬁcient is rationally taken equal to
g = 15 lm [35].
Fig. 4. Maximum normalized deﬂection versus the power index of material distribution for (a) h/g = 1, (b) h/g = 2, (c) h/g = 5
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The normalized deﬂection for simply supported and cantilevered FG microbeams versus the ratio of thickness to MLSP
(h/g) are presented in Fig. 2. In this ﬁgure the maximum deﬂection of the microbeam under the introduced loading is
Fig. 5. Comparison of the buckling load obtained by classical and strain gradient theories for cantilevered and simply supported FGM beams.
Fig. 6. The effect of nonclassical boundary conditions and surface energy on buckling load of FGM microbeams.
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ized deﬂection for simply supported microbeams is shown by dotted lines while the solid lines are represented for cantile-
vered microbeams. The set of nonclassical boundary conditions from Eq. (36) are used to obtain the deﬂection of the
cantilevered FG beams. This ﬁgure shows that the evaluated deﬂection from the strain gradient theory is considerably lower
than the corresponding classical one which is attributed to size dependencies predicted by the strain gradient theory. From
the numerical results of Fig. 2 it can be concluded that by increasing of the volume fraction of the ceramic phase smaller
deﬂections are obtained. This trend is reasonable due to the lower elastic modulus of the selected metal constituent that
results lower ﬂexural rigidity for the considered FG beams. As another general conclusion, it is seen that the effect of MLSP
is gradually diminishing at higher thicknesses.
In addition, the effect of two sets of nonclassical boundary conditions and the surface energy term on deﬂection of can-
tilevered FG microbeams is shown in Fig. 3. From this ﬁgure, it is observed that the bending behavior is totally sensitive to
the nonclassical boundary conditions while they may play the seminal role in the mechanical behavior of microscaled beams
predicted by strain gradient theory. For this purpose, Considering one set of nonclassical boundary condition Eq. (36) depicts
that the surface energy term does not affect the bending behavior while the other set Eq. (38) produces the bending behavior
Fig. 7. Normalized buckling loads versus the power index of material distribution for (a) h/g = 1, (b) h/g = 2, (c) h/g = 5.
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face energy regardless of the other material and geometrical parameters. Although in this speciﬁc problem the effects of
these nonclassical boundaries are not signiﬁcant, the importance of this fact needs more exploration for microscaled devices.
Table 2
Veriﬁcation of GDQ results for free vibration of homogenous Euler–Bernoulli microbeams
Analysis Natural frequencies (MHz)
Simply supported Cantilevered
Node no. Mode 1 Mode 2 Mode 3 Mode 1 Mode 2 Mode 3
h/g = 1
Exact – 0.601573 2.406293 5.414159 0.214285 1.342997 3.779983
GDQ 13 0.601573 2.406343 5.416606 0.214309 1.343056 3.757050
GDQ 17 0.601573 2.406293 5.414162 0.214309 1.343049 3.760571
GDQ 20 0.601573 2.406293 5.414159 0.214309 1.343049 3.760575
h/g = 2
Exact – 0.300787 1.203146 2.707080 0.107142 0.671498 1.880404
GDQ 13 0.300787 1.203171 2.708303 0.107154 0.671528 1.878525
GDQ 17 0.300787 1.203146 2.707080 0.107154 0.671524 1.880285
GDQ 20 0.300787 1.203146 2.707080 0.107154 0.671524 1.880288
h/g = 5
Exact – 0.120315 0.481258 1.082832 0.042857 0.268510 0.752162
GDQ 13 0.120315 0.481269 1.083321 0.042862 0.268611 0.751410
GDQ 17 0.120315 0.481259 1.082832 0.042861 0.268610 0.752114
GDQ 20 0.120315 0.481259 1.082831 0.042861 0.268610 0.752115
Table 3
The effects of MLSP on normalized natural frequencies (NNFs).
Power index (n) Simply supported Cantilevered
g = 10 lm g = 15 lm g = 20 lm g = 10 lm g = 15 lm g = 20 lm
0.2 2.535147 3.634651 4.765279 2.600781 3.733031 4.896416
0.4 2.609653 3.751421 4.923532 2.675318 3.849852 5.054740
0.6 2.658650 3.828047 5.027293 2.724334 3.926512 5.158548
0.8 2.690091 3.877154 5.093756 2.755785 3.975636 5.225036
Fig. 8. Comparison of the normalized fundamental natural frequency obtained by classical and strain gradient theories for cantilevered and simply
supported FGM beams.
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et al. [27].
In order to clarify the reliance of size dependency in bending behavior of functionally graded microbeams on power index
of the material distribution, the corresponding normalized maximum deﬂections are plotted versus the power index in Fig. 4.
Fig. 9. The effects of non-classical boundary conditions and surface energy on natural frequency of FGM microbeams.
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materials constituted microbeams. While, in FG microbeams different intensities in size dependency are obtained with re-
gard to various power index of material distribution. It is observed that, the variation of size dependencies with respect to
power index behaves in different manner increasing in the lower indexes while pursuing the declining trend up to the
homogenous material, ceramic, with inﬁnite power index. It is to be noted, the maximum size dependent behavior is found
for n = 2. Although this general behavior is not dependent to the thickness of microbeams, variation of the size dependencies
versus the power index is higher at thicker microbeams.
5.2. Numerical results for buckling analysis
Buckling loads for simply supported and cantilevered FG microbeam are shown in Fig. 5. The numerical results in this
ﬁgure are obtained for the set of nonclassical boundary conditions from Eq. (36) for cantilevered FG microbeams. It is shown
that the size dependencies captured by stain gradient theory are responsible for higher buckling loads compared to the clas-
sical theories. Considering the nonlocal theories regarding the affected region by size dependency phenomenon in micro-
scaled structures justiﬁes the trend in buckling loads corresponding to present and classical theories converging to each
other at higher thicknesses, while the size dependencies become negligible. It is worth to show the inﬂuence of boundary
conditions on size dependency by considering the results in both bending Fig. 2 and buckling Fig. 5 analysis. The higher size
dependent bending behavior achieved for cantileved beam. Consequently, the higher size dependent buckling load in com-
parison with the simply supported one is feasible regardless of the thickness. This concept shows signiﬁcance of the appli-
cation of higher order continuum theories for different boundary conditions and may let the researchers to ignore the effect
of MLSP conditionally.
Inﬂuence of the surface energy and the two sets of nonclassical boundary conditions on the buckling load of cantilevered
FG microbeams are presented in Fig. 6. It can be inferred from this ﬁgure that the effect of surface energy on buckling loads is
negligible whereas the slight differences are observed between the predicted buckling loads for the applied nonclassical
boundary conditions.
The effects of power index on the normalized buckling load is depicted in Fig. 7a–c in which various h/g are considered.
Similar to the results of bending analysis and from Fig. 7 it is seen that the highest size dependent behavior is observed for
n = 2. Furthermore, it is concluded that the problem becomes somehow independent of the power index of material distri-
bution at thicker FG microbeams. This concept can also be interpreted from lower size dependent behaviors at higher
thicknesses.
As another results, it is seen that the slopes of the curves are considerable for n < 2 compared to n > 2. This indicates that
there are no special differences between the size dependent behaviors corresponding to n = 100 and n = 101, but as it is seen,
this is not correct for n = 0 and n = 1.
5.3. Veriﬁcation of the results for vibration analysis
As mentioned earlier, the GDQ is selected as an efﬁcient computational method to solve the higher order differential
equation in free vibration analysis of FG microbeams. In order to verify the results of GDQ code, the classical Euler–Bernoulli
Fig. 10. Normalized natural frequencies versus the power index of material distribution for (a) h/g = 1, (b) h/g = 2, (c) h/g = 5.
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the achieved excellent agreement corroborates the GDQ method as accurate and fast convergence method for this problem.
Meanwhile, in this table the ﬁrst three natural frequencies in the cases of simply supported and cantilevered microbeams are
Fig. 11. The effect of MLSP on higher modes of (a) vibration, (b) buckling of microscaled FG beams.
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number of nodes of the discretized domain in GDQ is increased. In Table 2 the problem is studied for epoxy microbeams with
the material properties given in table.
5.4. Numerical results for vibration analysis
In the free vibration analysis, the normalized natural frequency (NNF) of the FG microbeams versus (h/g) under different
boundary conditions are presented in Fig. 8. In this ﬁgure, dotted lines depict the NNF for cantilevered microbeams and the
solid lines are for simply supported ones. The normalization of the natural frequencies is performed by dividing the natural
frequencies from strain gradient theory with their corresponding classical ones for the pure metal microbeams in which
n = 0. From this ﬁgure, it is observed that the NNF increases as the power index of the material distribution varies from zero
to inﬁnity. This behavior is mainly attributed to the increasing of the selected ceramic volume fraction with the higher den-
sity and elastic modulus than the metal phase. The NNF for metal microbeams approaches to unity as the thickness to mate-
rial length parameter (h/g) increases beyond 10. This indicates that the difference between the strain gradient and classical
theory becomes insigniﬁcant as the h/g increases.
The effects of the nonclassical boundary conditions alongwith the effect of surface energy on the natural frequencies of
cantilevered FG microbeams are presented in Fig. 9. It is found that the surface energy does not affect the natural frequencies
obtained from both sets of nonclassical boundary conditions of Eqs. (50) and Eqs. (51). For the speciﬁc amount of surface
energy the differences between the natural frequencies obtained from two sets of the nonclassical boundary conditions
are generally small while the in-lay graph in Fig. 9 is given to clarify such differences for clear observation.
From Fig. 10a–c, similar size dependent behavior is observed for vibration analysis with respect to the results of buckling
analysis. Further conclusions may be made by the readers.
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results are presented for beams with l = 0, h = 15 (lm) b = 2h and L = 20h. It can be found from these data that increasing
MLSP increases the NNF of the FG microbeams for both boundary conditions. In addition, FG microbeams with cantilever
boundary conditions show the most considerable size dependent behavior.
Fig. 11a–b shows the size dependent behavior of natural frequencies and buckling loads at their higher modes. Similar to
the previous sections, normalization of the buckling loads and natural frequencies are performed by dividing their magni-
tudes by their corresponding classical ones for pure metal microbeams in which n = 0 is considered. It must be noted that
the numerical results are obtained for the cantilevered microbeams from the nonclassical boundary conditions in Eq.
(36). It is observed from this ﬁgure that by assigning the speciﬁc value for the surface energy parameter, boundary conditions
play seminal role on higher modes of both buckling and free vibration analysis due to the different size dependencies cap-
tured by the strain gradient elasticity. In this manner, the size dependency for cantilevered microbeam in both buckling and
free vibration analysis is higher than the simply supported one. It is worth to mention that the trends of higher modes in
both buckling and free vibration prove the fact that the size dependent behaviors for both boundary conditions approaches
to one another. Considering the overall size dependent behavior for both of buckling and free vibration analysis, the higher
size dependency for vibration attracts our attention on the fact that different size dependencies in mechanical behavior of
microscaled structures unexpected behaviors would be inevitable.
6. Summary and remarkable conclusions
In this paper, size dependent bending, buckling and vibration of FG Euler–Bernoulli microbeams are studied based on
strain gradient theory incorporated with surface energy effects. In order to have a general and summarized discussion, rep-
resentative numerical results are given in different sections to show the general trend of the size dependencies.
 It is concluded that the surface energy generally has smaller effect on FG microbeams’ behavior compared to the MLSP
effects. In addition, the nonclassical boundary conditions seemed to inﬂuence the results slightly. It is shown that the size
effects are more observable at higher modes of vibration and buckling. Furthermore, it is seen that when the microbeams’
thickness is in the order of MLSP, the deviation of the results from classical beam theories is increased and the micro-
beams show considerable size dependent behaviors. In this manner, the effect of MLSP can be rationally ignored at thicker
microbeams. Furthermore, the effect of MLSP is found to be higher on buckling of microbeams compared to their static
deﬂection and natural frequencies.
 As a signiﬁcant conclusion from this study, it is seen that the size dependent behavior of strain gradient theory for bend-
ing, buckling and vibration problems are exactly the same for homogenous microbeams with different materials. But
these results differ for their mixtures as functionally graded microbeams depending on the power index of material dis-
tributions. In this manner, maximum size dependent behavior is found for n = 2 for different analyses. Although, it is not
completely correct to say that the introduced normalized parameters in the manuscript are symmetric about n = 2 but for
every arbitrary power index lower than 2 there is a power index higher than 2 in which their results are equal. This is
found not to be dependent on thickness of the microbeams. Furthermore, the problem is approximately independent
of the power index of material distribution at thicker FG microbeams. This is interpreted as lower size dependencies
at higher thicknesses.
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